Abstract. In this article, we show that a Finsler-Laplacian introduced previously can detect changes in the Finsler metric that the marked length spectrum cannot. We also construct examples of non-reversible Finsler metrics in negative curvature such that 4λ 1 > h 2 , where λ 1 is the bottom of the L 2 -spectrum and h the topological entropy of the flow.
Finsler metrics have a long history of producing quite different results from what one might expect from Riemannian metrics. Among the general classes of Finsler metrics from which surprises can arise are non-reversible Finsler metrics. Nonreversible Finsler metrics are defined by considering norms which are not symmetric with respect to 0, or in other words, such that their unit balls in each tangent space are convex sets that contain, but are not centered at, the origin. One of the most striking surprise that arose from non-reversible Finsler metrics was the construction by Katok [19] in 1973 of a metric on the sphere with only 2 periodic geodesics (these metrics are now called Katok-Ziller metrics as they have been thoroughly studied by Ziller in [28] ). The Katok-Ziller metrics turned out to be Randers metric, i.e., metrics of the form F = √ g +β where g is a Riemannian metric and β is a one-form. We are interested in this article in the Finsler-Laplacian spectrum of Randers metrics, or more generally Finsler metrics of the form F =F + β whereF is a reversible Finsler metric and β a one-form. The operator we consider is the FinslerLaplacian introduced in [1, 2] . Since this operator was thought of by Jean-Pierre Bourguignon and Patrick Foulon, who then suggested it to me, we will henceforth call this operator the BF-Laplacian (we recall its construction in Section 1 below).
While considering this operator, we already had some surprising results in the non-reversible case: In [3] , Colbois and myself showed that, for any surface S and any reversible Finsler metricF , there exists a uniform constant K (depending only on the topology of S) such that λ 1 (F ) vol S,F ≤ K. This result is just a generalization of a classical Riemannian result [22] . But we also proved that, for any C > 0 and any surface S, there exists a Randers metric F such that λ 1 (F ) vol (S, F ) ≥ C. So, allowing a metric to be non-reversible can yield examples of metrics with a λ 1 much bigger than it should be.
We will construct here examples of non-reversible metrics that yield two more surprises. The first with respect to a presumed link between marked length spectrum and the spectrum of the Laplacian and the second with respect to the link between the bottom of the spectrum and the topological entropy of the geodesic flow.
The length spectrum of a metric is defined as the set of lengths of closed geodesics counted with multiplicity. Two manifolds are said to have the same marked length spectrum if there is an isomorphism of their fundamental group such that corresponding free homotopy classes contain closed geodesics of the same length. The link between Laplacian spectrum and length, or marked length, spectrum has been intensively studied in Riemannian geometry. Generically, the length spectrum of a Riemannian manifold is determined by the Laplacian spectrum (Colin de Verdière [8] ). In some specific cases, the notions of marked length spectrum and Laplacian spectrum are in fact equivalent in the sense that one determines the other and vice versa. Among the manifolds that verifies this are for instance flat tori (see for instance [15] ), manifolds of negative curvature (Otal [25] and Croke [9] since in that case equality of the marked length spectrum implies isometry), and some types of nilmanifolds (see [10] , and it is in fact conjectured to be true for all nilmanifolds [16] ).
Examples of Riemannian manifolds with the same length spectrum but not isospectral exists however: One can consider two different Zoll surfaces, which are metrics on the sphere such that all of its geodesics are closed and of length 2π, see [17] ).
Non-reversible Finsler metrics give a very contrasted picture: for any (reversible) metric on any manifold, we can construct a non-reversible metric with the same marked length spectrum and different spectra:
Theorem 1. LetF be a Finsler metric on a manifold M , we denote byF
* the dual metric. Let F =F + β, where β is an exact 1-form on M such thatF * (β) < 1.
ThenF and F have the same marked length spectrum and the same volume, but, if the support of β is
Note that the condition on the norm of β is only there to insure that the metric F is still a Finsler metric.
Saying that this result is really surprising might be a bit of a stretch. Indeed, there exist infinite-dimensional families of Finsler metrics that share the same marked length spectrum, so finding some metrics with different spectra should not be too hard. But on the other hand, infinitely many Finsler metrics should also share the same BF-Laplacian (see [1, 2] ), which makes the existence of the above examples not completely obvious.
Moreover, the main interest of this result is what it suggests about the BFLaplacian: this type of transformation of a reversible metric by an exact form does not change the metric, or the geodesic flow a lot. Indeed, the new geodesic flow is a time change of the old that do not change the length of any closed geodesic. In fact such a time-change is a trivial time change in the terminology of [21] , i.e., it is a time change such that the two flows are smoothly conjugate (and this is all due to the fact that β is taken to be exact, see Lemma 13) . So the length spectrum is not subtle enough to pick up this change, nor is the dynamics of the geodesic flow. But what the above result shows is that the BF-Laplacian do detect such variations, which could make it a more powerful tool in some situations.
If we work a bit more, we can obtain some even more surprising examples: 
The family of functions h ε are given explicitly in Section 3.2. This result is an improvement on the example on the torus constructed in [3] . First of all because this new example preserves the marked length spectrum. But also, in [3] , we had to modify the Riemannian part of our Randers metric in order to build a big eigenvalue, whereas this example shows that the Riemannian part can be fixed. It seems very likely that one could build ad hoc examples of a family of Randers metric with a first eigenvalue tending to infinity on any manifold and with any fixed Riemannian part. However the construction and the proof is much easier in the torus case and I did not investigate more the general case.
We will now see what the same type of construction can yield in terms of the relation between the bottom of the L 2 -spectrum and the topological entropy of the geodesic flow. In the following, M is a closed manifold equipped with a Finsler metric F , M is the universal cover of M and F the lifted metric. We denote by ∆ the BF-Laplacian of F and call λ 1 ( F ) the bottom of the L 2 -spectrum of ∆ (see Section 4 for more details).
A classical result in Riemannian geometry is the inequality 4λ
where h(g) is the topological entropy of the geodesic flow. Moreover, a very interesting rigidity phenomenon takes place for Riemannian metrics: if 4λ
) is a Riemannian symmetric space (see [20, 23] for the surface case and [6] in higher dimension). For quite some time, I have been hoping to prove that the inequality 4λ 1 ( F ) ≤ h 2 still holds for the BF-Laplacian. In the Finsler setting, it is very easy to show that 4λ 1 ( F ) ≤ nh(F ) 2 , where n is the dimension of M (see Proposition 18) . In [4] , we also proved that the sharper inequality 4λ 1 ( F ) ≤ h(F ) 2 does hold in some Finsler cases. However, it turns out, to my surprise, that the sharp inequality does not hold in general:
Theorem 3. There exist examples of negatively curved, non-reversible Finsler metrics such that
Once more, the condition β g * < 1 is only there to ensure that the metric F is Finsler. It also seems reasonable to expect that the condition β have isolated zeroes can be weakened to supp β = M , but one would need to do more than a trivial modification of the proof we give.
The construction of Theorem 2 relies on the following fact: IfF is a reversible Finsler metric and β a 1-form, then the spectrum of F =F + β is greater than the spectrum ofF . Moreover, provided that the support of β is everything, then the spectrum is strictly greater. More precisely, we have 
Moreover, taking f 1 , . . . , f k to be orthogonal eigenfunctions for λ 1 (F ), . . . , λ k (F ) and V the subspace generated by the constants and f 1 , . . . , f k , then the inequality above is strict if for every non-constant function f ∈ V , the supports of df and β intersects on a set of positive measure.
This result was proven for the first eigenvalue λ 1 (F ) and when the metric F is Randers by He and Zheng [18] . We provide here a general and coordinate-free proof.
Obtaining a strict inequality in Theorem 3 is however much more involved than in Proposition 4. This is due to the fact that λ 1 ( F ) is in general not an eigenvalue, but just the bottom of the spectrum. We can nevertheless prove the following 
Moreover, ifF = √ g is a Riemannian metric of negative curvature and β is a 1-form with isolated zeroes, then
Let us finish this introduction with a conjecture. Proposition 4 suggests the following problem: Let F be a non-reversible Finsler metric andF its symmetrization, i.e.,F = (F + F • s)/2, where s :
Is the BF-Laplacian spectrum of F above the spectrum ofF ?
I suspect that this is the case, and that one can probably prove it by following the general idea of the proof of Proposition 4. Unfortunately, the necessary computations in the general case are much more involved, and this remains a conjecture for the time being.
Notice that this result, if true, would be similar in nature to a consequence of the Brunn-Minkowski inequality that says that the Holmes-Thompson volume of a Finsler metric is less than the Holmes-Thompson volume of its symmetrization (see, for instance, [7] or [27] ).
This article is organized as follows. In Section 1, we recall the construction of the BF-Laplacian and how one can obtain its spectrum. In Section 2, we prove Proposition 4 and deduce Theorem 1. In Section 3, we discuss several ways of constructing families of Randers metric with a fixed Riemannian part and with unbounded λ 1 and prove Theorem 2. Finally, in Section 4 we consider the case of the L 2 -spectrum for negatively curved metrics and prove Theorem 3.
Background
We start by recalling the definition of the BF-Laplacian and other related objects. For a more complete exposition, see [1] or [2] . We will be using the following definition of Finsler metric:
(1) C 2 except on the zero section, (2) positively homogeneous, i.e., F (x, λv) = λF (x, v) for any λ > 0, (3) positive-definite, i.e., F (x, v) ≥ 0 with equality if and only if v = 0, (4) strongly convex, i.e.,
A Finsler metric is said to be reversible if F (x, −v) = F (x, v) for any (x, v) ∈ T M . We denote by F * the dual metric of F , it can be defined by
Let HM be the homogenized bundle, i.e., HM := (T M {0}) /R + . We denote by π : HM → M the canonical projection and by V HM = Ker dπ ⊂ T HM the vertical bundle. We say that a vector field Y on HM is vertical if it lands in V HM .
The Hilbert form A is a 1-form on HM defined, for (x, ξ) ∈ HM , and Z ∈ T (x,ξ) HM , by
where v ∈ T x M is a vector that projects to the direction ξ. That is r(x, v) = (x, ξ), where r : T M {0} → HM . The Hilbert form is a contact form, i.e., if n is the dimension of M , then A ∧ dA n−1 is a volume form on HM . Moreover, if X denotes the geodesic vector field of F , then x is the Reeb field of A. That is, X : HM → T HM is the unique vector field such that
In order to define the BF-Laplacian, we first split the contact volume A ∧ dA n−1 into a volume form on the manifold M and an angle form: There exist a unique volume form Ω F on M and a (n − 1)-form α F on HM , never zero on V HM , such that
and, for all x ∈ M ,
Note that α F is not technically unique as a (n − 1)-form, but its integration along a Borel set in a fiber H x M is. So it is unique only as an angle measure, but this is all we need. Note also that the volume form (n − 1)! −1 Ω F is the Holmes-Thompson volume form, but since the factor (n − 1)! does not play any role in all that we do, we just say that Ω F is the Holmes-Thompson volume. The Bourguignon-Foulon-Laplacian of a function is then obtained as the average with respect to α F of the second derivatives in every directions:
where L X denotes the Lie derivative of X.
When the manifold M is compact, the BF-Laplacian admits a discrete, unbounded spectrum 0 = λ 0 < λ 1 ≤ λ 2 ≤ . . . . Furthermore, the spectrum can be obtain via the Min-Max Principle. That is, the BF-Laplacian has a naturally associated energy functional defined by
The Rayleigh quotient for F is
And the Min-Max principle says that the spectrum of the BF-Laplacian is given by
where V k runs over all the (k + 1)-dimensional subspaces of H 1 (M ) (the space of functions with derivatives in L 2 ). When the manifold is not compact, the spectrum of the BF-Laplacian is in general not discrete, but the infimum of the spectrum, that we also denote by λ 1 , is still obtained as the infimum of the Rayleigh quotient of functions in H 1 (M ). So, depending on the context (compact or non-compact), λ 1 will refer to slightly different objects, but we hope that this will not cause too much confusion.
The BF-Laplacian is an elliptic second-order differential operator and it is symmetric with respect to the Holmes-Thompson volume Ω F . So, as such, it is a weighted Laplacian. We denote by σ F the symbol metric of ∆ F . Note that σ F is a dual Riemannian metric. If we identify HM with the unit tangent bundle S F M of the metric F , and denote again by α F the image of the angle measure on S
And another way of writing the energy of ∆ F is
Adding a one-form increase the symbol
Propositions 4 will be an easy consequence of the following remark, that when a reversible metricF is modified by adding a 1-form β, then the symbol metric gets bigger. This fact was proved for Randers metrics by He and Zheng [18] , we give here a coordinate-free proof, and for which we do not need for the reversible part to be Riemannian. The proof of Proposition 5 is also based on this, but we will have to be much more precise.
Proposition 8. LetF be a reversible Finsler metric on a manifold M , and let
If we denote by σ andσ the symbol metrics of the BF-Laplacians of F andF respectively, we have, for any
with equality if and only if
The way we are going to prove this proposition is by writing explicitly the symbol of F with respect toF and play around with the fact thatF is reversible. We start by expressing how the different objects associated to a reversible Finsler metric behave when we apply the flip map. The flip map is the map s : T M → T M defined by s(x, v) = (x, −v). We will abuse notation and also refer to the flip map on HM as s. In all the following, we denote by A, X, α and Ω the Hilbert form, geodesic vector field, angle form and Holmes-Thompson volume form of the metric F , andĀ,X,ᾱ andΩ the same objects for the reversible metricF .
Lemma 9. LetF be a reversible metric, then
So in particular, for any Borel set on H x M , U , and any integrable function, f , if we fix an orientation for H x M , we have
Proof. Writing the definition ofĀ and using the fact that dπ • ds = dπ (since π • s = π) directly gives that s * Ā = −Ā. Now, using either thatX is the Reeb field ofĀ or that it is the generator of the geodesic flow ofF , one quickly deduces that ds
The equality s * Y = Y is immediate: in a local chart ds : T HM → T HM can be written as ds(x, ξ; v, y) = (x, −ξ; v, −y) and a vector in V HM has to be of the form (x, ξ; 0, y).
Finally, since s * Ā = −Ā, we have that
Using the definition ofᾱ and the fact that s * π * Ω =Ω, we then deduce that s * ᾱ = (−1)
nᾱ . The last equation is just the change of variables formula.
We can now express the Hilbert one-form, the angle and the symbol of F with respect toF .
Lemma 10. LetF be a reversible Finsler metric on a manifold M , and let
The proof of this lemma is the exact same as the proof of Proposition 3.1.1 in [1] (or Proposition 3 in [3] ). The only difference is that the mentioned results were given for Randers metric, i.e., whenF is Riemannian, but that fact was never really used in the proof, we just neededF to be reversible. Note also that the fact that the Holmes-Thompson volume is left unchanged when adding a one-form to a reversible Finsler metric is not new and can be seen as a consequence of the Brunn-Minkowski inequality (see, for instance, [7, 27] ).
Proof. Since both X andX are geodesic vector fields there exists m : HM → R and a vector field Y : HM → V HM such that X = mX + Y (see [14] ). Now, direct computations using the definition of A given above and the fact that β is linear yields A =Ā + π * β. Using that X is the Reeb flow of A,X the Reeb flow ofĀ, and A(Y ) =Ā(Y ) = 0 for any vertical vector field, i.e., for any Y :
* dβ is a 2-form vanishing on V HM , and for any
. Given our computation of λ, using the definition of Ω andΩ, yields
But, by Lemma 9 and since π • s = π, we obtain
So HxM π * β(X)ᾱ = 0, hence α = (1 + π * β(X))ᾱ and Ω =Ω.
We are now ready to prove Proposition 8. We in fact give a more precise evaluation of the symbol since we will use it later.
Lemma 11. LetF be a reversible Finsler metric on a manifold M , and let
and the equality is realized only when d x f = 0 or β x = 0.
Note that H + x M is just the image on HM of the set of vectors in T M where β is non-negative. Note also that in this proof, we will use the fact that the angle formᾱ gives a Lebesgue measure on H x M . This is always true when the Finsler metric is C 2 , but fails when we define the angle for less regular metric. The angle for a C 0 Finsler metric can be defined as the pullback by the Legendre transform of the vertical part of the symplectic volume on S * M , the co-tangent unit bundle.
Proof. The proof is just a simple rewriting of the symbols, using Lemmas 9 and 10. First, by Lemma 10, since
M is of measure zero except when β x = 0, and
Since (π * β(X)) 2 is positive outside of the directions in the kernel of β, we get
Proposition 4 is then an immediate corollary:
Corollary 12. LetF be a reversible Finsler metric on a closed manifold M , and let β be a 1-form on M such that F * (β) < 1. Let F =F + β. Then vol(M, F ) = vol(M,F ), and, for all k ≥ 1,
Note that this result is still true for a compact manifold with boundary, but we chose to restrict ourselves to the closed case for simplicity.
The fact that the volume of M with respect to the metric F orF is unchanged was already proved in Lemma 10, but we recall it here to emphasize the fact that the increase in the spectrum is not obtained by just shrinking the volume.
Proof. Let f 0 be a constant function on M , and f 1 , . . . , f k be eigenfunctions for λ 1 (F ), . . . λ k (F ). Let V be the (k+1)-dimensional subspace generated by f 0 , . . . , f k . By the Min-Max principle (given by equation (1) in Section 1), we have,
where in the last inequality, V k runs over all the (k + 1)-dimensional subspace of
. Moreover, the first inequality above is strict if, for instance, for any f ∈ V , f not a constant, the support of df intersects the support of β in a set of positive measure.
To finish proving our claim about the examples of Theorem 1 we also need the following result (which is not new, see for instance [12, 13] Note that the Anosov condition for the equivalence in the second part of the Lemma is probably not optimal, but we will not use that part of the Lemma anyway.
Proof. Recall from Lemma 10 that the geodesic vector fields X andX are related by X = mX + Y 0 , for some vertical vector field Y 0 and m : HM → R given by m = (1 + π * β(X)) −1 . So the geodesic flow of F is a time change of the flow ofF if and only if Y 0 = 0. Since,
we get that, if, dβ = 0, then i Y0 dĀ = 0, and hence Y 0 = 0 (since dĀ is a symplectic form that is already zero onX). So if β is closed, then the geodesic flows are time changes of one another. Now, if Y 0 = 0, then iXπ * dβ = 0. For (x, ξ) ∈ HM , let (x, v) ∈ T M be the vector in the direction of ξ and such thatF (x, v) = 1. Then we have
Hence, dβ x (v, ·) = 0 for any (x, v) ∈ T M , that is, dβ = 0.
We can now prove the second part of the Lemma. First suppose that β is exact, then for any closed, C 1 curve c : [0, 1] → M , the length of c for F is
So, when β is exact, the length of any closed curve stays unchanged, hence the marked length spectrum stays the same. Moreover, when β is exact, it is easy to see that it is a trivial time change (in the terminology of [21] ), i.e., it is a time change that is also a smooth conjugation. Now suppose that the geodesic flows are Anosov and that the marked length spectrum are equal. Since the flows are Anosov geodesic flows, they are transitive, so the periodic orbits are dense in HM . And since F andF have same marked length spectrum, the computations above show that for any periodic geodesic γ ⊂ M , γ β = 0. So in particular, if we denote byφ t the geodesic flow ofF on HM , we see that the cocycle ψ : HM × R → R defined by
is zero on every periodic orbit. So applying Livšic Theorem shows that ψ is a coboundary so β is exact.
We can finally give the
Proof of Theorem 1. Let β be an exact 1-form such that the support of β is M and thatF * (β) < 1. Let F =F + β. Then, by Lemma 13, F andF have the same marked length spectrum, by Lemma 10, they have the same volume, and, since for any non-constant smooth function h, the support of dh intersects the support of β on a set of positive measure, Corollary 12 implies that the spectrum of F is strictly greater than the spectrum ofF .
3. Family of Finsler-Randers metrics with no upper bound for λ 1 3.1. Family with a fixed reversible part and a fixed one-form. Looking again at Lemma 11, we can make the following easy observation: IfF and β are fixed and we set F t =F + tβ, for 0 ≤ t < (supF * (β)) −1 , then we see that the symbols associated with F t are increasing with t. Indeed, for any smooth function f , we have
So applying Corollary 12 shows that the spectrum of F t is non-decreasing in t. So a question one might ask is: What is the limit as t tends to (supF * (β)) −1 of λ 1 (F t )? When t tends to (supF * (β)) −1 , then, at least in some places, the symbol for F t tends to explode. But this may not impact the value of λ 1 (F t ) at all. Indeed, if f 1 is an eigenfunction for λ 1 (F ) and we suppose that the support of df 1 is disjoint from the support of β (or if the intersection of the supports has zero measure), then we have
More generally, if we set S := {f ∈ C ∞ (M ) | supp df ∩supp β has zero measure}, then, for all t,
Moreover, it is probable that one can manage to build examples where this upper bound is finite and actually reached, or at least as close as we want. We will not try to prove that, but instead, we will answer the following: Does there exist examples of Finsler manifolds (M,F ) and form β such that the limit of λ 1 (F t ) is infinite? It turns out that the answer is yes: First, let us rewrite one more time d x f σt , but in a slightly different way. We writeSM for the unit tangent bundle ofF , and S + M for the projection of H + M onSM . We will also denote byᾱ the angle of F on the unit tangent bundle. Finally, for any (x, v) ∈SM , we let c x,v (t) be the geodesic ofF on M through x in the direction v. Then, Moreover, we can rewrite
So all we have to do to find a one parameter family of Finsler metric F t =F + tβ such that λ 1 (F t ) tends to infinity, is to choose a one form β such thatF * (β) is constant on M and such that, if f is a smooth function invariant by LF −1 (β), i.e., such that L LF −1 (β) f = 0, then f is constant.
One easy way of making sure that this second point is verified is by choosing the one form β such that the flow of the vector field LF −1 (β) admits a dense orbit. Indeed, f would then be constant on a dense orbit, hence constant everywhere.
Hence we proved Then the one-parameter family of Finsler metrics F t =F + tβ, 0 ≤ t < 1, is such that vol(M, F t ) = vol(M,F ) and
Obviously, such a β does not exist on every manifold M . In particular, the only surface that can support a 1-form satisfying to the first point is the torus. But once the topological obstructions are taken care of, then it is very easy to construct such a β: Start with a vector field Z with no zeroes and admitting a dense orbit, renormalise it so thatF (Z) = 1, then define β := LF (Z).
3.2.
Family with a fixed reversible part and a fixed length spectrum. One of the downside of the previous proposition is that a form β satisfying to the conditions given can be closed (take for instance β = cos ρ dx + sin ρ dy on the flat torus T 2 = R 2 /Z 2 , where πρ / ∈ Q), and therefore the geodesic flows of the metrics F t are time change of each others, but β cannot be exact. So, unfortunately, in the examples obtained above, the marked length spectrum varies.
It is in fact not possible to come up with examples of a fixed exact 1-form β such that λ 1 (F t ) tends to infinity. Indeed, since β is exact, there must exist x 0 ∈ M such that β x0 = 0, hence there exists a neighborhood U of x 0 such that theF -norm of β on U is, say, at most half of the maximum of theF -norm of β on M . Hence any function f with support in U will have a Rayleigh quotient for F t bounded independently of t. So in particular λ 1 (F t ) can be big but not unbounded.
However, if we are willing to replace the family F t =F + tβ, where β is a fixed exact one-form by a family F t,ε =F + tβ ε , where β ε is a family of exact one-forms, then we can obtain an infinite limit for λ 1 (F t,ε ) . From what we discussed above, one thing is clear: We will have to take a family of exact forms β ε such thatF * (β ε ) tends to 1 outside of a set of zero measure. Unfortunately, the vector fields L −1 F (β ε ) cannot admit a dense orbit, so we will have to work around that problem. I will just give an ad hoc construction on the 2-torus with a flat metric. This construction could easily be extended to the n-torus and to any Riemannian metric, but cannot be extended to other manifolds as such. I did not pursue trying to find a general rule to obtain such metrics, but it would be surprising if the tori were the only manifolds admitting such examples.
Let T 2 = R 2 /Z 2 , (x, y) be global coordinates on T 2 and g 0 be the flat metric. We are going to build β ε as the differential of a certain function on T 2 . Let f 0 : S 1 = R/Z → S 1 be the function defined by
Now, for any ε > 0, let f ε : S 1 → S 1 be a smooth approximation of f 0 such that
We define h ε (x, y) := cos ρf ε (x) + sin ρf ε (y), and set
ε be the annuli given by
. On C ε , the norm of β ε is 1, and outside of C ε , it is less than 1. Note also for further reference that, in C ε , the vector field L −1 g0 (β ε ) = ∇h ε is of norm 1 and points in the direction given by the angle ρ, or ρ + π depending on which connected component of C ε we consider). Now that we have β ε , we can define the following Randers metric on T
This family of Randers metrics verifies
Proposition 15. Let F t,ε be defined as above. Then, for all ε > 0 and all 0 ≤ t < 1, we have • vol(T 2 , F t,ε ) = 1; • The marked length spectrum of F t,ε is the marked length spectrum of the flat torus;
Proof. The first two points of the proposition were proven in Lemma 10 and Lemma 13 respectively. All we have to do is prove the last. In order to prove that third point, we are going to show that for any non constant smooth function f , with a fixed L 2 -norm, the energy of f for the metric F t,ε tends to infinity as t tends to 1 and ε tends to 0.
We setF = √ g 0 and use our previous notations. Let f be a smooth function on
where
ε ) is the set defined previously, on which dh ε is of norm 1. Since
we deduce as before that, if there exists x ∈ C ε such that
σt,ε tends to infinity as t tends to 1 at x and also in a small neighborhood of x. This implies that R Ft,ε (f ) tends to infinity as t tends to 1. So all we are left to deal with are functions such that L ∇hε f (x) = 0 for all x ∈ C ε and all ε > 0. We are going to prove that such a function has to be constant, and this will prove our claim.
On C ε , ∇h ε = ±V ρ , where V ρ : T 2 → ST 2 is the unit vector field pointing in the ρ direction, i.e., V ρ = cos ρ ∂ ∂x + sin ρ ∂ ∂y . The plus or minus sign depends on which of the four pieces of C ε we are considering. So if L ∇hε f (x) = 0 for all x ∈ C ε and all ε > 0, then L Vρ f (x) = 0 for all x ∈ C ε and all ε > 0. This implies that f has to be constant on C ε along the orbits of V ρ . But since this has to be true for all ε > 0 and C ε tends to the torus T 2 minus four lines (the lines x = 0, x = 1/2, y = 0 and y = 1/2), by continuity of f , we deduce that f has to be constant along the full orbits of V ρ . Since V ρ has dense orbits, f is constant.
In conclusion, if f is not constant, then there exists ε > 0 and x ∈ C ε such that L ∇hε f (x) = 0. Hence, for any non constant function f ,
4. Negatively curved metrics, bottom of the spectrum and topological entropy
We will now switch our setting a bit. Let M be a closed manifold and M be its universal cover. For any Finsler metric F on M , we consider its lift F to M and we will be interested in λ 1 ( F ) defined as the bottom of the L 2 -spectrum of the BF-Laplacian ∆ F on M . That is,
We will just stress once more that the λ 1 ( F ) that we consider now is very different from the λ 1 (F ) that we considered in the first part of this article. Among the differences let us mention two major ones: λ 1 ( F ) is in general not an eigenvalue, but just the bottom of the spectrum, and λ 1 ( F ) can be zero while λ 1 (F ) is defined to be the first non-zero eigenvalue.
A classical inequality in Riemannian geometry is that 4λ 1 ( g) ≤ h 2 , where h is the topological entropy of the geodesic flow. In fact, the classical proof of this inequality gives 4λ 1 ( g) ≤ v 2 , where v is the volume entropy of the metric, but, by a famous result of Manning [24] , v ≤ h and if g has non-positive sectional curvature, then v = h.
The Riemannian proof adapted to the BF-Laplacian immediately yields that 4λ 1 ( F ) ≤ nh 2 , where h is still the topological entropy of the flow and n is the dimension of the manifold. We will now recall that result (see Proposition 18) and construct examples showing that the stronger Riemannian inequality is not always satisfied, and hence proving Theorem 3. Since the distance associated with F is not necessarily symmetric, there are two possible ways of defining the volume entropy: We can consider the rate of growth of the volume of forward balls, or the rate of growth of backward balls. A forward ball of radius r is defined as
while a backward ball of radius r is given by
Then the forward volume entropy is defined as
and the backward volume entropy is defined as
For a generic non-reversible Finsler metric, these two volume entropies have no reasons to be equal. For instance, if one considers the Funk metric on a convex domain in R n (see for instance [5] ), then it is easy to see that v − (F ) = +∞ while v + (F ) is bounded. However, here are a few remarks that one can easily make about these objects:
• The forward volume entropy of F is equal to the backward volume entropy of the reversed metric F • s, i.e., v
The proof of the second point follows from the fact that, if F is quasi-reversible, then
The proof of the first point is easy once we rephrase what the forward and backward balls are in terms of flow. Let S F V be the unit tangent bundle for F over V . Then the forward ball of radius r is obtained by flowing S So, the natural notion to choose in order to have Manning's result is the forward volume entropy. Manning's result was already extended to closed reversible Finsler manifolds by Egloff [11] and can further be extended to the non-reversible case. When M is a closed manifold, the forward volume entropy of M is by definition the forward volume entropy of M . The justification that Egloff gives in [11] to show that Manning's proof in [24] holds in the Finsler context is still true in the non-reversible case.
Since 
Proof. The proof that the two topological entropies coincides is trivial: As β is exact, the two geodesic flows are obtained by a time change that does not change the length of periodic geodesics (see Lemma 13) . Since the topological entropy is obtained as the exponential growth rate of the periodic orbits, the entropies of the two flows must coincide. Let us now prove that the volume entropies are the same.
Let M be the universal cover of M , x ∈ M and r > 0. Since M is compact, there exists C ≥ 1 such that 1
, F ), and
where d(·, ·) is the distance for F . Now, since β is an exact form on M , we see that
(because the length of any closed curve in M is unchanged). So,
, and by symmetry we also have v
4.2. The weak topological entropy inequality and a counterexample to the sharp version. Let us quickly recall why, just by following the Riemannian proof, we obtain a weak inequality for λ 1 ( F ). Note that for the following proposition, we do not need M to be the universal cover of a closed manifold. The result holds for any open manifold.
Proposition 18. Let F be a Finsler metric on a manifold M of dimension n.
Then the bottom of the L 2 -spectrum of the BF-Laplacian satisfies
Proof. We fix a base point O ∈ M and define the forward and backward distance functions by, respectively, ≤ ns 2 .
Since the above inequality is true for all s > v + ( F )/2, we deduce that λ 1 ( F ) ≤ n(v + ( F )) 2 /4. Doing the same computation with e −tρ − (x) yields λ 1 ( F ) ≤ n(v − ( F )) 2 /4.
We can now finish the construction of the last surprise: Finsler metrics such that the sharp inequality for the bottom of the spectrum is not verified. Let us recall Theorem 3:
Theorem 19. Let g be a hyperbolic metric on a manifold M . Let h be a smooth function on M such that the zeroes of dh are isolated and dh g * < 1. Let F = √ g+dh, λ 1 ( F ) be the bottom of the L 2 -spectrum and h(F ) be the topological entropy of the geodesic flow of F . Then F and g have the same marked length spectrum and
The proof of this result also contains the proof of Proposition 5, one just has to make obvious notational changes. We hence do not provide an explicit proof of that proposition.
Proof. The fact that F and g have the same marked length spectrum follows from Lemma 13. Moreover, by Proposition 17, the topological entropy of F is the same as the topological entropy of g and they are equal to the volume entropy. And since g is hyperbolic, 4λ 1 ( g) = (n − 1) 2 = h(g) 2 . So all we have to do to prove the above inequality is show that λ 1 ( F ) > λ 1 ( g). This would be trivial if λ 1 ( F ) was an eigenvalue (the same argument as in the proof of Corollary 12 would immediately yields the answer), but this is in general not the case. Hence we have to work more.
Let us abuse notations a bit and write h again for the lift of h to the universal cover M . The function h will only be on the universal cover for the rest of this proof, so hopefully this will not cause any confusion.
With this abuse of notation, by our previous computations (see Equation (2)), we have that for any
whereᾱ is just the Riemannian angle measure on the Riemannian unit spheres S x M . So in particular,
In the rest of the proof, we will be using the fact that F is a Randers metric, i.e., that we have a Riemannian metric g to work with. The fact that the bottom of the spectrum of F is strictly greater than the one for g should certainly still hold if g was replaced by any reversible metricF , but the proof would probably be more tedious (or at least we did not find an easy proof).
To obtain the strict inequality we are aiming for, we will first find a lower bound
2ᾱ is minimized when ∇f (x) and ∇h(x) are orthogonal (here ∇ and orthogonal are defined with respect to the hyperbolic metric g). So we suppose that ∇f (x) and ∇h(x) are orthogonal. We choose a coordinate system on S x M such that for v ∈ S x M , θ(v) represents the angle between the direction of ∇h(x) and the projection of v onto the plane containing ∇f (x) and ∇h(x). In other words, we write proof of the classical Cheeger inequality (see for instance [26, 
